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The problem of self-consistently coupling kinetic runaway-electron physics to the macroscopic evolution of
the plasma is addressed by dividing the electron population into a bulk and a tail. A probabilistic closure
is adopted to determine the coupling between the bulk and the tail populations, preserving them both as
genuine, non-negative distribution functions. Macroscopic one-fluid equations and the kinetic equation for
the runaway-electron population are then derived, now displaying sink and source terms due to transfer of
electrons between the bulk and the tail.
I. INTRODUCTION
In many plasma physics problems of interest it is near
impossible to advance the full distribution functions of
multiple particle species. To make progress and build in-
tuition, it is thus a common theoretical practice to seek
to represent the bulk of the distributions as a Maxwellian
parametrized by the associated fluid quantities, and ad-
vance the remainder of the distribution function with ki-
netic principles. Given a source of a small population
of highly energetic particles (mono-energetic beam injec-
tion, cosmic rays), the kinetic population can be some-
what separately treated, even if the energy carried by
the kinetic population is comparable to that carried by
the fluid, as the source of the kinetic population is inde-
pendent of the physics of the bulk population. However,
if an imbalance of effective forces generates the kinetic
population from the bulk, and the interaction between
the particles and the fluid is a key aspect in determining
the outcome, then the two populations must be treated
together to obtain a fully self consistent model of the
evolution. Unfortunately, how to address this type of
problem in general remains largely unsolved.
Among many problems which fit this description,
few are more urgent than the modeling of runaway-
electron physics in magnetic-confinement fusion experi-
ments. Runaway electrons1,2, occurring in tokamaks dur-
ing plasma-terminating disruptions, are expected to be a
serious problem for larger machines such as ITER. The
highly-energetic runaway-electron population has been
predicted to take over a significant portion of the plasma
current during the current-quench phase3 and the con-
cerns for the machine integrity have been amplified af-
ter the discovery of the so-called runaway-avalanche ef-
fect4,5. The implications of runaway-related issues have
been reviewed in detail6,7 and multiple studies addressing
the runaway formation during disruptions have been car-
ried out, incorporating varying degrees of detail. Some
employ approximative analytical results to account for
the Dreicer and avalanche mechanisms and estimate the
self-consistent current evolution from the combination of
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Faraday and Ampère laws in a cylindrical plasma col-
umn8–10. Some focus on more detailed modeling of the
velocity-space structure of the runaway-electron distribu-
tion but consider the plasma as a homogenous wire ignor-
ing all spatial structure11,12. Finally, there are recent in-
vestigations focusing also on runaway-electron formation
during impurity dominated thermal quenches13, though
again neglecting spatial structure. Orbit-following mod-
els supplement the palette with tools to estimate effec-
tive transport coefficients14–16 and realistic synchrotron
emission signals17,18. The given list of references is not
comprehensive.
In spite of exhaustive reporting of new results, con-
sensus has not been reached regarding the mitigation
strategy of runaway electrons19. One of the most press-
ing uncertainties lies in the generation and confinement
of runaway electrons and the evolution of the macro-
scopic plasma during the thermal-quench phase: the
avalanche amplification of the runaway population dur-
ing the later current-quench-phase, largely responsible
for the conversion of the Ohmic current to relativis-
tic runaway current, is exponentially sensitive to the
runaway-electron seed population that emerges during
the thermal-quench phase. While it would be of critical
importance to evaluate the effect of magnetic flux-surface
opening and restoration during the thermal quench on
the runaway-electron seed formation and confinement,
existing realistic studies evolve marker populations, with
no knowledge on how many runaway electrons the mark-
ers represent20,21. The few self-consistent studies, on the
other hand, typically rely on different versions of MHD
and model the runaway population as an advected fluid
density22,23 traveling at the speed of light, with possible
source terms given by analytical estimates for Dreicer
and avalanche growth rates24.
The purpose of this paper is to provide a framework for
coupling kinetic runaway-electron dynamics and macro-
scopic one-fluid evolution self-consistently from first prin-
ciples. Our intent is to improve upon the existing test-
particle models by including the generation process from
the bulk to provide an accurate representation of the
runaway-electron population, and by accounting for the
back response the runaway population has on the macro-
scopic plasma. To achieve our goals, it is of essence to
describe the transfer of particles between the electron
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2bulk and the runaway tail populations as accurately as
possible. Unfortunately, neither the popular δf -approach
nor the moment approach, parametrizing the bulk with
respect to the fluid quanties and solving for the deviation
kinetically, suffice in this context since both have trou-
ble handling long, anisotropic tails that typically char-
acterize runaway-electron populations. As a remedy, we
have chosen a recently suggested probabilistic approach25
where the coupling between the tail and the bulk is or-
ganized in terms of transition probabilities that can be
computed deterministically from the stochastic trajecto-
ries of test particles26–28. As the new method preserves
both the tail and the bulk as genuine, non-negative distri-
bution functions, it, in the end, allows us to write down
the one-fluid equations and the runaway-electron kinetic
equation in a consistent manner.
The rest of this paper is organized as follows. In Sec-
tion II, we briefly review the generic idea of separat-
ing the bulk and the tail as presented in Ref25. Sec-
tion III is devoted to constructing the fluid-kinetic cou-
pling while Section IV discusses the details necessary for
constructing the transition probabilities in the coupling
term, closely following the so-called Backward Monte
Carlo approach28–30 that is more common in option pric-
ing in finance. A discussion regarding how to apply the
proposed framework to the runaway-electron-seed forma-
tion is given in Section V, while Section VI summarizes
our work.
II. PROBABILISTIC COUPLING OF BULK AND TAIL
A fluid-kinetic coupling is not a new idea. It is a rel-
atively common approach to study, e.g., the effects of
neutral-beam-driven current or alpha particles on MHD
stability31,32. In the absence of collisions even elegant
variational formulations have been derived33. In case of
runaway electrons, the traditional approaches unfortu-
nately are not sufficient. Describing the generation pro-
cess of runaway electrons accurately requires the pres-
ence of collisional processes, and the resulting popula-
tion is literally dragged out from the bulk forming a long,
anisotropic tail. Something different is needed instead.
Thus we start all the way back from the kinetic equa-
tion for species α
dfα
dt
=
∑
β
Cαβ [fα, fβ ], (1)
where d/dt refers to a linear phase-space advection oper-
ator, such as the Vlasov operator, and Cαβ is a bilinear
collision operator between the species α and β. The col-
lision operator could be the Landau operator representa-
tive of the small-angle Coulomb scatterings but it could
also include an operator for the close collisions as long as
the operator is bilinear in nature. Similarly, the advec-
tion operator d/dt could include dissipative forces such
as the Landau-Lifshitz expression for radiation damping.
Additional source or sink terms could be included if nec-
essary.
We exploit the linearity of the d/dt operator, the bilin-
earity of the collision operator, and split the distribution
functions according to fα = fα0 + fα1 for each species.
Then we introduce a formal split of Eq.(1) according to
dfα0
dt
=
∑
β
Cαβ [fα0, fβ0] +
∑
β
Cαβ [fα0, fβ1]− Iα, (2)
dfα1
dt
=
∑
β
Cαβ [fα1, fβ1] +
∑
β
Cαβ [fα1, fβ0] + Iα. (3)
It is straightforward to verify that the sum of the above
two equations exactly reproduces Eq.(1), and thus also
any existing conservation laws. For each species, the cou-
pling term I, as suggested in Ref25, has the form
I(z, t) =
f0
τ
(1− E[1Ω0(Zt+τ )|Zt = z])
− f1
τ
E[1Ω0(Zt+τ )|Zt = z], (4)
where τ is a characteristic time scale, the domain Ω0
refers to a “bulk domain”, z denotes the phase-space lo-
cation corresponding to (x,v) in case of full particle dy-
namics, and Zs, with s ∈ [t, t + τ ], denotes the trajec-
tory of an individual particle in the phase-space. The
operators E and 1 refer to an expectation value and an
indicator function respectively.
More specifically, E[1Ω0(Zt+τ )|Zt = z] is the probabil-
ity for finding a particle with an initial position z at time
t within the domain Ω0 after the time interval τ . Thus,
as appearing in the equation for f1, the interaction term
adds particles from the bulk at a rate that is propor-
tional to the number of bulk particles available and the
probability of a bulk particle leaving the bulk domain.
At the same time, it depletes particles from f1 at a rate
that is proportional to the number of particles available
in the f1 population and the probability of such particles
to remain within the bulk domain. As appearing in the
equation for f0, the opposite is true of course.
The details for computing the expectation value
E[1Ω0(Zt+τ )|Zt = z] are reviewed in Section IV and
closely follow the Backward Monte Carlo procedure as
presented in Ref28. For now, we focus on formulating
the fluid-kinetic coupling given kinetic equations for a
bulk and a tail.
III. FLUID–KINETIC COUPLING
The form of the interaction term (4) guarantees the
non-negativity of f0 and f1 so that both can be inter-
preted as genuine distribution functions. Thus the ki-
netic equations are suitable for further reduction.
Since we are interested in runaway electrons, we shall
assume that only the electron distribution function is
split into a bulk and a tail according to fe = fe0 + fe1.
3Thus only the electron interaction term Ie is needed. As-
suming that Cαβ is a physically relevant collision oper-
ator with appropriate density, momentum, and energy
conservation laws, it is then a simple matter to follow
the standard procedure and derive the one-fluid continu-
ity equation
∂t%+∇ · (%u) = −
∫
meIedv, (5)
as well as the one-fluid momentum equation
%(∂tu+ u · ∇u) = −∇ · p+ µ−10 ∇×B ×B
−
∑
α
Fe1,α −
∫
me(v − u)Iedv
+ ene1(E + ve1 ×B). (6)
In deriving the fluid equations, we have assumed the bulk
to be non-relativistic and, to obtain the final form for
the momentum equation, the density equation and the
assumed conservation properties of the collision operator
have been used.
The new equations differ from the standard one-fluid
equations due to the presence of moments of the in-
teraction term, the collisional momentum transfer rate,
Fe1,α =
∫
mevCeα[fe1, fα]dv, between the bulk popula-
tions and the electron tail, and the term ene1(E+ve1×B)
which arises from accounting for the tail population
charge and current in the quasineutrality condition and
the Ampère’s Law. Note that the pressure p is the fluid
pressure, not containing contributions from the runaway
tail, and thus the standard equation of state could be
used for closing the momentum equation. In the Ohm’s
law, one should account for the correct bulk flows, lead-
ing to
E + u×B = η(µ−10 ∇×B + ene1ve1), (7)
with η the Spitzer resistivity. If needed, one could simi-
larly derive an equation for temperature.
Since only the electron tail is treated kinetically, the
fluid equations are supplemented with the following equa-
tion for fe1
dfe1
dt
=
∑
α
Ceα[fe1, fα] + Ie. (8)
If the runaway electron density remains small compared
to the bulk electron density, as it typically does, the non-
linear collision term Cee[fe1, fe1] is inferior to the linear
collision term Cee[fe1, fe0] involving the bulk electrons
and can be dropped as self-collisions by definition do not
generate momentum or energy.
Finally, we note that while the collisional momentum
transfer rate between the runaway electrons and the bulk
plasma, i.e.,
∑
α Fe1,α, may be expected to be small, ab-
sence of it would break the momentum conservation in
the system as the balancing term is kept in the kinetic
equation for runaways due to its essential role in pro-
viding collisional drag and limiting the runaway process.
However, the momentum conservation is independent of
the shape of the distribution functions. Thus it would
be very useful to approximate the fluid species, e.g., as
local Maxwellians for the purpose of evaluating the col-
lision operator in (8) and the momentum transfer rate
in (6). This assumption could be extended also to the
expression of fe0 in the electron interaction term Ie. Ad-
ditionally, during a thermal quench, the expression for
fe0 in the interaction term could be adapted to include
also the hot-tail effects34 to better account for the ther-
mal collapse of the plasma. In the test-particle collision
operator, these effects most likely would be negligible.
IV. INTERACTION TERM
The interaction term requires us to define the time-
scale τ , the domain Ω0, and the probability of finding a
test particle within Ω0 after the time τ . Considering that
the fluid equations are eventually discretized in time, the
time scale τ could be chosen to be the time step used
in integrating the fluid equations. This way the plasma
quantities needed in following test-particle trajectories
during s ∈ [t, t+τ ] for determining the expectation value
E[1Ω0(Zt+τ )|Zt = z] can be considered constant in time.
This assumption turns out to be quite useful.
A. The general recipe
The most straightforward way of determining the ex-
pectation value would be to perform forward Monte Carlo
simulation of multiple test-particle trajectories. As the
individual test-particles do not interact with each other,
the procedure could in principle be parallelized in an ef-
ficient manner, without compromise on the accuracy of
the characteristics. In a framework where the fluid evolu-
tion is solved alongside the kinetic distribution function,
it can, however, be a nontrivial task to perform the par-
allelization efficiently in practice: the macroscopic data
is typically domain decomposed for an efficient paral-
lel solve of the fluid equations, and following the par-
ticle characteristics over different domains requires effi-
cient communication between the compute nodes as well
as good load-balancing to avoid idling of the compute
nodes. And as the kinetic equation for runaways could be
solved also with grid-based methods, we wish to discuss
efficient methods to compute the necessary expectation
value. The proposed approach is based on the connection
between time-independent Fokker-Planck equations and
the Feynman-Kac formula for expectations of stochastic
processes35. Often referred to as the Backward Monte
Carlo method, it is commonly encountered in option pric-
ing in finance30 but has been recently applied to deter-
mine also the electron runaway probability in plasmas28.
Also other methods for computing the expectation value,
4such as the adjoint formulation26,27, could be adopted.
For a detailed discussion, see Refs25,28.
In determining the transition probability, the test-
particle motion is assumed to obey a stochastic differ-
ential equation, or a so-called Langevin equation. This
model can capture the deterministic motion due to elec-
tromagnetic fields, stochastization corresponding to a
Fokker-Planck collision operator and quasilinear diffusion
effects, as well as radiation reaction force that can be-
come important at high energies. The test-particle mo-
tion modeled by a stochastic differential equation does
not capture the close collisions as they cannot be ex-
pressed in a Fokker-Planck form. Nevertheless, since the
role of the interaction term is only to relabel particles
between the bulk and the tail populations while explic-
itly not changing their phase-space position, the neglect
of close collisions in determining the relabeling is most
likely acceptable. In the end, once the particles have
been relabeled from the fluid to the kinetic population,
the kinetic equation used for advancing the particle dis-
tribution in phase-space does contain the close-collision
operator.
We consider here the full particle motion as an ex-
ample for mapping the test-particle characteristics. Also
guiding-center motion could be exploited whenever appli-
cable. The choice for the time scale τ to correspond to the
fluid time-step allows us to treat the background plasma
independent of time during the interval s ∈ [t, t+ τ ] and
the stochastic differential equation for the test-particle
characteristics Zs = (Xs,Ps) in Itô convention is then
given by
dXs = Vsds, (9)
dPs = µ(Zs, t)ds+ σ(Zs, t) · dWs, (10)
where Vs = Ps/(mγs) with γs =
√
1 + |Ps|2/m2c2 the
relativistic factor, and the coefficients µ and σ are eval-
uated with respect to time t but at the particle position
Zs, and Ws is a standard vector-valued Wiener process.
If the stochastic contribution to the test particle motion
would satisfy ||σ||2τ ≤ 1, one could estimate Zt+τ by dis-
cretizing the stochastic differential with, e.g., the Euler-
Maruyama scheme using only one time step, substitut-
ing the result to the indicator function, and then deter-
ministically evaluate the expectation value as an average
over the distribution of of the standard Normal random
variable that would appear in the discretization of the
stochastic differential equation.
In general, the condition ||σ||2τ ≤ 1 might not be true.
To nevertheless avoid the forward Monte Carlo simula-
tion, it is possible to exploit the Feynman-Kac formula
on the basis of the assumption that the coefficients µ and
σ are assumed constant in time during s ∈ [t, t+ τ ]. As
explained in Refs.25,28, one first defines a quantity
Φ(z; s) = E[1Ω0(Zt+τ )|Zs = z], (11)
so that Φ(z; t) = E[1Ω0(Zt+τ )|Zt = z] and Φ(z; t+ τ) =
1Ω0(z). Then one introduces the partition of the interval
s ∈ [t, t + τ ] according to {t = s0, s1, ..., sN = t + τ}
and, for every point z = (x,p) of interest, recursively
computes
Φ(z, sn−1) =
∫
R3
Φ(Z∆s(w), sn)
exp[−w2/2]
(2pi)3/2
dw, (12)
where ∆s = sn − sn−1 and the test particle position
Z∆s(w) = (X∆s,P∆s(w)) after the interval ∆s is esti-
mated from
X∆s = x+
∫ ∆s
0
dx
ds
ds (13)
P˜∆s = p+
∫ ∆s
0
dv
ds
ds, (14)
P∆s = P˜∆s + σ
(
X∆s, P˜∆s, t
)
·w
√
∆s, (15)
with the deterministic trajectory obeying the ordinary
differential equations dx/ds = v and dp/ds = µ. The in-
tegral (12) can be computed efficiently to high accuracy
using Gauss-Hermite quadrature rules as demonstrated
previously28. One should note that for each point z the
values (X∆s, P˜∆s) are needed only once regardless of how
many intervals ∆s are used for the recursive computa-
tion. This is expected to offer a significant computational
benefit compared to forward Monte Carlo simulation.
As a final note, the domain Ω0 should be chosen so
that the resulting population fe1 would be characteristic
of runaway electrons. In solving the kinetic equation, we
do not wish to waste resources on particles that would
not become runaways with reasonable probability. A suf-
ficient choice would thus limit the bulk domain boundary,
e.g., to some multiple of the so-called critical velocity.
B. Simplifications
Under specific conditions, the evaluation of the expec-
tation value can be simplified somewhat further, mak-
ing it computationally more appealing. As our measure
for whether a particle is to be relabeled into a kinetic
population depends on it’s likelihood to end up beyond
some boundary in velocity, we are ultimately interested
in what happens to the single test particle’s energy. If we
are willing to accept the assumption that electrons would
remain approximately fixated to a field line, and that
the macroscopic fluid quantities would remain approxi-
mately constant along the field lines, then, in computing
the expectation value, we could simplify the stochastic
differential equation significantly. To lowest order, we
could consider, e.g., only the motion in 2D velocity space
space that is aligned with respect to the local direction of
the magnetic field. While this assumption is common in
reduced modeling of runaway electron distribution func-
tions, for us it serves only the purpose of estimating the
transition probabilities for relabeling fluid particles to the
kinetically treated population, which can then be simu-
lated with accurate orbit following techniques.
5To provide an example, we consider the test parti-
cle dynamics to be given by a relativistic Fokker-Planck
equation including the acceleration due to an electric field
parallel to the magnetic field, scattering and drag from
the small-angle Coulomb collisions, and the synchrotron
radiation reaction force. Details of this model can be
found in Ref.28. The stochastic equations for the elec-
tron momentum p and pitch angle cosine ξ = p ·B/(pB)
are given by
dps = µp(ps, ξs) ds,
dξs = µξ(ps, ξs) ds+ σξ(ps, ξs) dWs,
(16)
where the drift coefficients µp, µξ and the diffusion coef-
ficient σξ are given by
µp = Eξ − γp
τr
(
1− ξ2)− 1 + p2
p2
,
µξ =
E
(
1− ξ2)
p
+
ξ
(
1− ξ2)
τrγ
− ξνc,
σξ =
√
νc (1− ξ2),
(17)
with νc = (Z + 1)
√
1 + p2/p3. Here normalized units
have been used. The momentum is normalized to
mec, γ =
√
1 + p2 is the relativistic factor, Z is the
effective charge, the electric field has been normal-
ized to the Connor-Hastie critical electric field, Ec =
nee
3lnΛ/(4piε20mec
2), where Λ is the Coulomb logarithm,
and time has been normalized using the relativistic col-
lision time scale, τc = mec/(Ece). The parameter τr =
6piε0m
3
ec
3/(e4B2τc) is the normalized synchrotron radia-
tion time scale with ε0 the vacuum permittivity.
The parameters of the model are, E, τr and Z, and
would be determined in terms of the macroscopic back-
ground quantities. As such, this model for determining
the transition probabilities is entirely local in the config-
uration space and could be implemented efficiently with
respect to any domain decomposition the fluid solver re-
quires. As an illustration, Fig. 1 shows 1 − Φ with re-
spect to different values for the parameters E, τr and
Z, demonstrating the importance of pitch-angle physics
in capturing the runaway transition probability. Once
a fast computational tool for evaluating Φ exists, it can
be used in conjunction with the kinetic equation for run-
aways and the fluid equations to accurately and efficiently
capture the generation process of runaway electrons in
complicated magnetic fields that occur during a thermal
quench.
V. DISCUSSION
To make also practical progress in the runaway electron
issues, we would next have to apply the presented ideas.
The lowest hanging fruit would be to address the num-
ber of seed runaway electrons during a thermal quench,
before a significant runaway density or current forms. In
this case, it would most likely be sufficient to follow the
FIG. 1. Computation of 1−Φ, i.e., the runaway probability,
using the simplified 2D momentum space model for particle
characteristics. For illustration purposes we fixed τr = 1,
t = 0.4 and changed Z and E. The boundary in this case was
assumed to be at p = 4. As expected, for a fixed valued of Z,
the runaway region increases with E. On the other hand, for
fixed E, the runaway region decreases with increasing Z. The
red color corresponds to Φ = 0 (particles become runaways
with certainty) while blue corresponds to Φ = 1 (particles re-
main in the bulk). The implementation details regarding the
evaluation of the Gaussian-weighted integrals can be found in
Ref.28.
evolution of fe1 while ignoring the knock-on collisions
and the effects fe1 would pose on the fluid. One could
further ignore the transfer of fe1 particles back to the
bulk so that the interaction term could be approximated
as
Ie =
fe0
τ
(1− E[1Ωe0(Zt+τ )|Zt = z]) . (18)
In this case, the kinetic equation for the runaway dis-
tribution becomes linear, containing only the advection
in phase-space, test-particle collisions with fluid species,
and the interaction term that now depends only on the
fluid quantities. One way to solve the evolution of fe1
in this setting would involve populating the phase-space
with marker particles with initially zero weights, follow-
ing their orbits, applying Monte Carlo coulomb collisions,
and increasing the marker weights according to the in-
teraction term. This would result in an algorithm that
would be straightforward to include to append into ex-
isting MHD codes that support marker-particle following
with as little modification as possible.
6VI. SUMMARY
The problem of self-consistently coupling kinetic
runaway-electron physics to the macroscopic evolution of
the plasma was addressed by dividing the electron popu-
lation into a tail and a bulk. A probabilistic closure was
adopted to determine the coupling between the bulk and
the tail populations, preserving them both as genuine,
non-negative distribution functions. Macroscopic one-
fluid equations and the kinetic equation for the runaway-
electron population were then derived, displaying sink
and source terms due to transfer of electrons between
the bulk and the tail. The details needed in computing
the interaction term were provided together with a simple
numerical example. In near future, the model could serve
to determine how many runaway electrons are generated
during the plasma terminating disruptions, to accurately
assess the threat the runaway electrons project on ITER
operation.
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